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A new approx imam method of solution of  a current  engineer ing  

problem is descr ibed,  

In r e c e n t  y e a r s  the  n u m b e r  of  pub l i ca t ions  on d i s -  
cha rge  of l iquid j e t s  f r o m  c a p i l l a r y  n o z z l e s  has  i n -  
c r e a s e d .  The i n t e r e s t  in  th i s  top ic  i s  due m a i n l y  to 
the  fac t  tha t  such j e t s  a r e  used  as  an i n v e s t i g a t i v e  tool  
in some  r e g i o n s  of c h e m i s t r y ,  p h y s i c s ,  and c h e m i c a l  
t echno logy  [1, 2]~ 

In i nves t i ga t i ons  of the  h y d r o d y n a m i c s  of a f r e e  j e t  
of l iquid the fo l lowing b a s i c  f e a t u r e s  a r e  u s u a l l y  dea l t  
with:  the  flow s t ab i l i t y ,  the  d i s t r i b u t i o n  of v e l o c i t i e s  
and s t r e s s e s  under  the  ac t ion  of e x t e r n a l  ex t ens ive  
f o r c e s ,  and the r e l a x a t i o n  of the  v e l o c i t y  p r o f i l e  at  the  
exi t  f r o m  the  c a p i l l a r y .  This  p a p e r  e x a m i n e s  a t h i r d  
group of p r o b l e m s ,  n a m e l y  the  phenomenon  of con-  
s t r i c t i o n  of  a j e t  of  l iquid upon d i s c h a r g e  into a m e d i -  
um with v e r y  low v i s c o s i t y .  In th i s  c a s e  the in i t i a l  
v e l o c i t y  p r o f i l e  i s  b rought  to e q u i l i b r i u m  and b e c o m e s  
homogeneous  as  a r e s u l t  of the  ac t ion  of v i s c o u s  f o r c e s  
wi th in  the jet~ The r e l a x a t i o n  phenomenon  p r o c e e d s  
v e r y  r a p i d l y ,  and a f r e e  j e t  i s  f o r m e d  at  a s ec t i on  
whose length is only a few c a p i l l a r y  d i a m e t e r s  
[2]. 

Unti l  r e c e n t l y  i t  was  a s s u m e d  tha t  the only c h a r a c -  
t e r i s t i c  f e a t u r e  of such a flow i s  c o n s t r i c t i o n  o f  the  
j e t  due to f l a t t en ing  of the  v e l o c i t y  d i s t r i b u t i o n .  The 
c o n s t r i c t i o n  coe f f i c i en t  has  been  d e t e r m i n e d  t h e o r e t i -  
c a l l y  by H a r m o n  [4], who, on the  b a s i s  of a s i m p l e  
ba l ance  of f o r c e s  ac t ing  on the  j e t ,  e s t a b l i s h e d  the 
fo l lowing r e l a t i o n  for  a h o r i z o n t a l  je t :  

d~ VS- 
• -- -- 0.867, (1) 

do 2 

w h e r e  N i s  a def in i te  i n t e g r a l .  Equat ion (2) shows that  
the  r e s i d u a l  d i a m e t e r  of a f r e e  j e t  i s  a function of the  
Reyno lds  and W e b e r  n u m b e r s .  It i s  e a s y  to s ee  tha t  
for  c o n s i d e r a b l e  j e t  v e l o c i t i e s ,  when the Re and We 
n u m b e r s  a r e  l a r g e ,  Eqso (2) and (1) coincide~ 
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Fig .  1. The inf luence  of p r e s s u r e  d rop  in a nozz le  
on the va lue  of the coef f i c ien t  • 1 - a c c o r d i n g  to 
M i d d l e m a n  and Gavis  [1] ; 2 - f o r  c a s t o r  oi l ,  do = 
= 1 2 0 c m ,  L =  4.9 cm,  p =  3 3 - 1 2 0 a t m .  a b s . ;  
3 - t h e  s a m e ,  do = 216 cm,  L =  4~ cm,  p =  2 1 -  
70 a tm.  abs .  ; 4 - f o r  g l y c e r i n e ,  d i lu ted  with w a t e r  
(7%), do = 120, L = 4.9, p = 41 -71 ;  5 - t h e  s ame ,  
do = 0.818, L =  4.9, p = 21 -93 ;  6 - t h e  s a m e ,  do = 

= 0.269, L = 4.3, p = 18 .5-53 .  

In t h e i r  t e s t s  the  a u tho r s  of [1] d e t e r m i n e d  the d e -  
pendence  of the  coe f f i c i en t  of v a r i a t i o n  of d i a m e t e r  
on Re by f inding the c h a r a c t e r i s t i c  r e g i o n s  of expan-  
s ion and c o n t r a c t i o n  of a j e t  (curve  1 in F ig .  1)o On 
the b a s i s  of  the  r e s u l t s  ob ta ined  i t  m a y  be a s s u m e d  
tha t  H a r m o n ' s  [4] s i m p l e  a n a l y s i s  i s  va l id  for  the r e -  

gion Re > 150o 

va l id  for  a p a r a b o l i c  i n i t i a l  v e l o c i t y  d i s t r ibu t ion~  Mid-  
d l eman  and Gavis  [1], in 1951 e s t a b l i s h e d  e x p e r i m e n -  
t a l l y  the  h i t h e r t o  tmexpec ted  e f f ec t s  of growth  of d i a m -  
e t e r  of the  j e t  for  s m a l l  R e y n o l d s  number s~  S t r i c t l y  
speaking ,  the  d i l a t ion  of a j e t  of v i s c o e l a s t i c  l iquid 
was  known e a r l i e r ,  but th i s  phenomenon  was  a t t r i bu ted  
to p a r t i a l  e l a s t i c i t y ,  and i t  was  not a s s u m e d  tha t  i t  
could  a l so  appea r  in  the c a s e  of Newtonian l iquids~ 
T h e r e f o r e  Harmon~s a n a l y s i s  r e q u i r e d  an addi t ion ,  
which Midd leman  and Gavis  [1] con t r ibu ted~  They took 
account  of the p r e v i o u s l y  i g n o r e d  ac t ion  of s u r f a c e  
f o r c e s  and as  a r e s u l t  of r e a s o n i n g  b a s e d  p a r t i a l l y  on 
d i m e n s i o n a l  a n a l y s i s ,  t hey  d e r i v e d  the  fo l lowing equa -  

t i om 

1 4 8N 2• 
- - -  - -  (2 )  
• 3 Re We 2' 

DISCHARGE OF A LIQUID FROM CAPILLARY NOZ- 

ZLES AT HIGH PRESSURE 

The pub l i c a t i ons  p r e s e n t l y  a v a i l a b l e  r e f e r  to j e t s  of 
l iqu ids  d i s c h a r g i n g  f r o m  n o z z l e s  under  condi t ions  of 
deve loped  l a m i n a r  v e l o c i t y  d i s t r i b u t i o n ,  If the  p a s s a g e  
of the  l iquid t h rough  the c a p i l l a r i e s  r e q u i r e s  l a r g e  
p r e s s u r e  d rops ,  i c e . ,  i s  a c c o m p a n i e d  by c o n s i d e r a b l e  
s h e a r  s t r e s s e s ,  t h i s  a s s u m p t i o n  b e c o m e s  sa t i s f i ed~  
In th i s  c a s e  the  t h e r m a l  ef fec t  of e n e r g y  d i s s i p a t i o n  
and of expans ion  of the  l iquid have a def in i te  inf luence  
on the f o r m a t i o n  of  the  i n i t i a l  v e l o c i t y  p ro f i l e  of the 
f r e e  j e t  l eav ing  the noz z l e .  M e a s u r e m e n t s  of the  coe f -  
f i c i en t  ~ du r ing  d i s c h a r g e  of a l iquid f r o m  a nozz le  at 
h igh  p r e s s u r e  [4] indeed  show an a p p r e c i a b l e  inf luence  
of p r e s s u r e  d rop  on the expans ion  o r  c o n t r a c t i o n  of 
the  j e t  (F ig .  1, cu rve  1). 
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D e t e r m i n a t i o n  of the  r e s i d u a l  d i a m e t e r  o i t h e  j e t  in 
such cond i t ions  r e q u i r e s  account  to be t aken  of  the  
condi t ions  of flow th rough  the nozz l e .  

2 
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F ig .  2o Schemat i c  of  the  equ ipment .  

Our a t t empt  to so lve  th i s  p r o b l e m  of con t r ac t i on  of 
j e t s  l eav ing  a nozz le  at  l a r g e  v e l o c i t y  (Re > 150) i s  
p r e s e n t e d  be low.  ~ : �9 

EXPERIMENTAL DETAILS , 

E x p e r i m e n t a l  m e a s u r e m e n t s  of the dependence  of 
the  c o n s t r i c t i o n  coef f i c ien t  on the  p r e s s u r e  d rop  of  the  
l iquid in the  nozz le  have  been made ,  us ing  a c a p i l l a r y  
whose  t e m p e r a t u r e  i s  ma in t a ined  at  tha t  of  the  o n c o m -  
ing  liquid~ The equ ipment  dev i sed  by Midd leman  and 
Gavis  [1] (F ig .  2) c o n s i s t s  of a d e l i v e r y  r e s e r v o i r  to 
supply  the  l iquid 1, a m a n o m e t e r  2 with r a n g e  0 - 1 0 0  
a rm.  abs .  and 0,5 a rm.  abso s c a l e  d iv i s ions ,  a r e d u c -  
ing va lve  3, a bo t t le  of c o m p r e s s e d  n i t rogen ,  and a 
f i t t ing  4, to which i s  a t tached  the  c a p i l l a r y  nozz le  5. 
The t e m p e r a t u r e  of the  c a p i l l a r y  nozz le  i s  held con-  
s tan t  by  m e a n s  of a w a t e r  j a c k e t .  A c a m e r a  7 and a 
f l ash  l amp  8 a r e  used  tc  d e t e r m i n e  the  j e t  d i a m e t e r .  
The j e t  i s  pho tographed  along with a s t anda rd  c a l i -  
b r a t e d  w i r e  6~ Since a l a m p  with a f l a sh  du ra t ion  of 
10 -~ sec  was  used ,  the  equ ipment  was  l oca t ed  in the  
b a s e m e n t  of the bui ld ing  to e l i m i n a t e  the p o s s i b l e  a c -  
t ion  of cons t an t  v i b r a t i o n s .  

The p i c t u r e  s i z e  obta ined  with the s m a l l  c a m e r a  
was  1 - 2  m m .  The d i a m e t e r s  of the j e t  and of the  s t an -  
da rd  w i r e  w e r e  m e a s u r e d  with  an op t ica l  c o m p a r a t o r  
to  an a c c u r a c y  of 0.005 mm,  i~ Co, 0.5%. The work ing  
l iquid was  a 7 3 - p e r  cent  aqueous  so lu t ion  of  g lyce r in ,  
ex t ruded  through  a c a p i l l a r y  nozz l e .  The c a p i l l a r y  was  
a s t ee l  h y p o d e r m i c  need le  ( ca l i b r a t ed )  of d i a m e t e r  
d o = 0.0625 cm,  length L = 10.0 c m .  I ts  out le t  was  s p e -  
c i a l l y  g round .  

INZHENERNO- FIZIC HESKII ZHURNAL 

The p h y s i c a l  p r o p e r t i e s  of the  l iquid in  the  t e s t  con-  
d i t ions  were: T~ = 19o40; ~(P) = 0~ X = 3.42 �9 I0r 
7 =1o187, Cp=2o93 o107 

The remmmng test parameters were varied in the 
range: Pressure 1,47-7o35 �9 107 dyne/era 2 (15-75 arm. 

abs. ); Reynolds number (referred to the diameter do) 
140-717. 

The test data are presented in Fig, 3. A theoretical 
calculation of the coefficient ~4 was made by a method 

described below. On the basis of the analysis made at 
the beginning of the paper, it may be assumed, that 
for jets discharging from capillaries with Re > 150, 

inertia forces, not surface forces, play a decisive 

r o l e .  This  i s  w h a t  j u s t i f i e s  the  s i m p l e  f o r c e  ba l ance  
in  H a r m o n ' s  f o r m u l a t i o n  [4]. 

By c o m p a r i n g  the  m o m e n t u m  at  the  in i t i a l  s ec t ion  
of  the  je t ,  i . e . ,  a t  the  nozz le  l ip ,  and at  a s ec t i on  c o r -  
r e s p o n d i n g  to the  e s t a b l i s h e d  d i a m e t e r ,  we m a y  w r i t e  

M ,  = M r, (3) 
1 

2~  e ~ ~ i v '  p d ,~ : :  ~ ~ W ]  ~ (4)  

The s u b s c r i p t s  f r e f e r  to a sec t ion  in the  cons tan t  
j e t  d i a m e t e r  r e g i o n .  The ve loc i ty  Vf m a y  be e x p r e s s e d  
by m e a n s  of a v e l o c i t y  a v e r a g e d  ove r  the  c a p i l l a r y  
d i a m e t e r .  

% 

~R ' '  R ':' 

' AS"a r e s u l t ,  on the  b a s i s  of (3), we obta in  

• 2 V p d l )  2 i'V~l, dp (6) 
~'1 I'l 

Equat ion  (6) m a y  be so lved  for  a known l iquid v e l o -  
c i ty  d i s t r i b u t i o n  at  the  i n i t i a l  s ec t ion  of the  jet~ In the 
c a s e  of a p a r a b o l i c  ve loc i ty  p ro f i l e  i t  s i m p l i f i e s  to the  
f o r m  of (1). 

The ques t ion  of n o n - i s o t h e r m a l  c a p i l l a r y  f lows has  
not  as  ye t  r e c e i v e d  suf f ic ien t  a t ten t ion  in the  l i t e r a -  
tureo T h e r e f o r e ,  use  was  made  of an a p p r o x i m a t e  m e -  
thod based  on an independen t  so lu t ion  of the equat ions  
of mot ion  and e n e r g y  [5]. 

A s s u m i n g  tha t  the  l iquid t e m p e r a t u r e  d i s t r i bu t ion  
in  the  c a p i l l a r y  i s  known, the  p h y s i c a l  p a r a m e t e r s  of 
the  l iquid in the  equat ions  of  mot ion  

dx r dr r~ d r )  (7) 

m a y  be r e p r e s e n t e d  as  a funct ion of t e m p e r a t u r e .  The 
equat ion  does  not  t ake  account  of g r a v i t a t i ona l  f o r c e s ,  
and t h e r e f o r e  the  inf luence  of t e m p e r a t u r e  on the l i q -  
uid de ns i t y  i s  not eva lua t ed .  Such a s i m p l i f i c a t i o n  in 
the  c a s e  of c a p i l l a r y  f lows i s  ju s t i f i ed ,  s ince  the phe -  
nomenon of n a t u r a l  convec t ion  in  a c a p i l l a r y  p l ays  no 
p a r t  in  p r a c t i c e .  

The dependence  of the  l iquid v i s c o s i t y  on t e m p e r a -  
t u r e  m a y  be r e p r e s e n t e d  by the  fo l lowing e m p i r i c a l  
f o r m u l a :  

! 1 
(l -~- ~l t -}- ~2/2), (8) 

i t V 
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Fig. 3. Comparison of the contraction coefficient cal- 
culated (a) and determined experimentally ~o). 

in which t is the inc rease  of local t e m p e r a t u r e  of the 
liquid the excess  of the local t e m p e r a t u r e  of the liquid 
above a charac te r i s t i c  t e m p e r a t u r e  T ' ,  determining 
the value of ~ ' .  

In the case of the frequently examined cap i l l a ry  
flows [5, 7] in a thermal ly- insu la ted  or i so thermal  cap-  
i l l a ry  ( temperature  controlled at the liquid entrance 
t empera tu re )  the r e fe rence  t e m p e r a t u r e  T ~ is equal to 

T0o 
Substituting (8) into (7), and replacing the p r e s s u r e  

gradient by the value of the total  p r e s s u r e  drop in the 
nozzle 

dp 

following repeated integration, we may  wri te  

d V - R ~  [---ff--P ] ( l  +~t+~2t2)9, (9) 
dp 211' ~ x ]  

and also 

V =  

1 i } = [  P I R~,[(1 +2[~1j" td -+-2~2 Pd9 
t ~C(1-7~' L - P ~ )  ~ ~ P " 

(lO) 

Integrating the numera tor  of (6) by par t s ,  and then 
using (9) and (10), we obtain finally a re la t ion for the 
contraction coefficient of the jet  

~4 2 = 

I q- 4~ ~ p'~ td p q- 4[~2 S p3 t~d p 
_ I o o ( 1 1 )  

[ ] ! (1--92)-~2~ptdp-k-2~pt2dp 9d9 

In accordance with (11), the value of the contract ion 
coefficient is a function of the liquid t empe ra tu r e  d is -  
tr ibution at the initial section of the f ree  jet .  In the 
case  of i so thermal  flow (t = 0, T = T') ,  (11) is  s impl i -  
fied to the fo rm (1)o 

To determine the t e m p e r a t u r e  prof i le  at the nozz]e 
lip use was made of an equation derived in r e fe rence  
[6], pertaining to laminar  flow of Newtonian c o m p r e s s -  
ible fluids with allowance for f r ic t ion heating. Accord-  
ing to the computational method used there ,  we had to 
introduce into Eq. (8) a t r ans fo rmed  t empera tu re  ( a c -  

cording to Brinkman [7]) 

~=1611kT,.'R~ ~ - =2~(Gr) -1 ; T=k-~. (12) 

Using the notation d = T - T~, re lat ion (8) may be wr i t -  
ten in the fo rm 

1 1 
- -  , (1 + ~ l k ~ +  ~ k ~ ) o  ( 1 3 )  

11 11 

In accordance with the p r e m i s e  that the physical 
p a r a m e t e r s  of the liquid a re  constant in deriving equa- 
tions for  the t empe ra tu r e  distr ibution [6] the quantity 
k is  constant, conventionally determined by the v i s -  
cosi ty  at the r e fe rence  t e m p e r a t u r e  (in the actual ease  
of a capi l la ry  whose t empe ra tu r e  is  maintained at the 
initial liquid t empera tu re ,  the r e fe rence  t empera tu re  

~ = To, and ~ = t~0). 
Introducing (13) into Eqs.  (9), (10), and (16), we 

obtain a new fo rm of re la t ion  (11), containing the 
t r ans fo rmed  t e m p e r a t u r e  

1-F4~lk 93@dp-F 4~k ~ p3~2d9 
= l _  0 j (14) 

'I kS!0"dP ! i 8 ! (1 p2)- l -213,  +2[~2k2Spe2d9 pd9 
p 0 

Since the inc rease  of local liquid t empera tu re  dur-  
ing the t e s t s  did not exceed a few degrees ,  the v i scos i -  
ty of the liquid was expressed  as a function of t e m p e r -  
ature in the simplif ied form:  

1 1 
- -  (1 + ~ k ~ ) .  ( 1 5 )  

11 ~to 

The value of the coefficient fll in the conditions of 
m e a s u r e m e n t  was 0.0595. 

Equation (14) is  simplif ied in the case  when fi2is 
omitted, and the contract ion coefficient may be wri t ten 
in the fo rm 

= 0.867 x 

! ( 1 6 )  X 

~ -  1 + 24~1 k~l(1 --92) Qpd9 + 24~k~ ~ Q29d9 
0 

! 

where (2 = S P{~ d p. 
F 
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In (16) the second f ac to r  ( f rac t ion)  i s  a c o r r e c t i o n  
which m u s t  be n e c e s s a r y  t aken  into account  with r e -  
ga rd  to equat ion (1) in ca l cu la t ing  the  con t r ac t i on  of 
j e t s  d i s c h a r g i n g  at  h igh p r e s s u r e .  

The c o n t r a c t i o n  coef f i c ien t  was  c a l c u l a t e d  by m e a n s  
of Eq. (16). 

To d e t e r m i n e  the va lue  of the  i n t e g r a l s  i P 3#d P and 
0 

Q, use  was  made  of the  n u m e r i c a l  t a b l e s  p r e s e n t e d  in  

r e f e r e n c e  [6]. The e x p r e s s i o n s  ~ (1 - -p~)Qpdp  and 
1 0 

.! Q2p d p a p p e a r i n g  in the denomina to r  w e r e  i n t e g r a t e d  
0 

n u m e r i c a l l y  by S i m p s o n ' s  r u l e .  The c a l c u l a t e d  v a l u e s  
of  the  coef f ic ien t  x and the va lue s  found e x p e r i m e n t a l l y  
a r e  shown in F ig .  3. A dot ted l ine  c o r r e s p o n d i n g  to 
the  l i m i t i n g  p r e s s u r e  d rop  i s  shown, be low ~ hich the  
j e t s  d i s c h a r g e  f r o m  n o z z l e s  wi th  Re n u m b e r s  l e s s  than  
150. The e x p e r i m e n t a l  cu rve ,  co inc id ing  a s  i t  does  
with the  t h e o r e t i c a l  in  the  r eg ion  Re > 150, c o n f i r m s  
the  v a l i d i t y  of Eq~ (16). Thus,  the  t e s t  r e s u l t s  show 
the  u s e f u l n e s s  of  f o r m u l a s  (11) and (14) in  ca l cu la t ing  
con t r ac t i on  coe f f i c i en t s  for  j e t s  of Newtonian l iqu ids ,  
d i s c h a r g i n g  f r o m  c a p i l l a r y  nozz l e s ,  wi th  Reyno lds  
n u m b e r s  g r e a t e r  than  150. In the  c a s e  of  low v a l u e s  of 
s h e a r  s t r e s s ,  the  equat ion  i s  r e d u c e d  to the  s i m p l e  
f o r m  of Eq. (1), put  f o r w a r d  e a r l i e r  by H a r m o n .  

NOTATION 

cp-specific heat, ergPC; d0-capillary diameter, cm; dr--residual 
jet diameter, cm; Gr-Graetz number; k-constant of gq. (12); L- 
length of the capillary nozzle, cm; M-specific momentum, 

cm/seJ; P-pressure drop, dyne/cm 2, arm. abs. ; R-capillary 
radius, cm; r-Current radius, era; Rf-residual jet radius; T--tem- 
perature, ~ T0--initial liquid temperature, ~ t-temperature 
excess with regard to a reference (characteristic) temperature, 
t = T-T'; V-velocity along the axis, cm/sec; We-Weber num- 
ber; x-coordinate along the channel axis, cm; 81, gz-coefficients 
in the viscosity formula (8); 7-density, gm/cmS; r--transform 
temperature in (12); r0-the initial transformed temperature of 
the liquid; ~O-increment in the transformed temperature; b-con- 
traction coefficient of the jet, ~ = df/do; N-specific thermal 
conductivity, erg/cm.sec *C; p-viscosity, gm/cm.sec; p-dlmen- 
sionless radius, r/R. 
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